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Abstract— We present an optimization-based motion planning algorithm for high degree-of-freedom (DOF) robots in
dynamic environments. Our formulation decomposes the highdimensional motion planning problem into a sequence of
low-dimensional sub-problems. We compute collision-free and
smooth paths using optimization-based planning and trajectory
perturbation for each sub-problem. The high-DOF robot is
treated as a tightly coupled system, and we use constrained
coordination in an incremental manner to plan its motion. We
highlight the performance on robots with tens of DOFs and
demonstrate performance benefits over prior methods.

I. I NTRODUCTION
Motion planning algorithms are frequently used in
robotics, CAD/CAM, and bio-informatics. A key challenge
in many applications is to develop fast (and almost real-time)
techniques for motion planning. In this paper, we mainly
deal with the problem of motion planning for high degreesof-freedom (DOFs) robots, which include articulated robots
with tens of joints. Some examples of such robots include
humanoid robots (e.g., HRP-41 robot with 34 DOFs, Hubo
II2 with 40 DOFs) and mobile manipulators (such as Willow
Garage’s PR2 robot3 with 20 DOFs), etc.
Over the last decades, many efficient techniques have
been proposed that can compute collision-free paths in open
spaces. These include sample-based planners, such as probabilistic roadmaps (PRM) [1] and rapidly-exploring random
trees (RRT) [2]. However, it is relatively hard to give quality
guarantees on the trajectories computed by sample-based
planners, including torque or energy minimization, constraint
handling, and generating smooth paths. For example, it is
important to compute paths for mobile manipulators that can
minimize energy consumption. Moreover, non-smooth and
jerky paths can cause actuator damages.
There is considerable literature in robotics and motion
planning on computing collision-free and smooth trajectories.
Optimization-based approaches tend to pose the motion planning problem in a continuous setting and use optimization
techniques to compute the trajectory [3], [4], [5], [6]. Such
algorithms make it easier to generate motion trajectories that
can satisfy different constraints, including collision avoidance, smoothness, and dynamics constraints, simultaneously;
it achieves this by posing the constraints as appropriate cost
functions. Furthermore, these approaches can be combined
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with replanning methods and used to compute smooth trajectories amongst dynamic obstacles [5]. However, prior applications of optimization-based motion planning algorithms
have been limited to low-DOF robots. The convergence rate
of the underlying numerical optimization techniques tends to
decrease as the number of DOFs increases.
In this paper, we present a hierarchical optimization-based
planner to compute smooth and collision-free trajectories
for high-DOF robots. The underlying planner minimizes
the trajectory cost function, which is formulated by the
problem’s constraints (collisions with the environment, the
smoothness of the motion, etc.). Our formulation is based
on the assumption that the optimal path lies in a lowerdimensional subspace, though the robot itself corresponds
to a tightly coupled high-DOF system [7]. In particular, our
approach decomposes a high-DOF robot into a hierarchal
tree structure, where each node represents one component of
the robot (i.e., a set of joints and the related links). Based on
the decomposition, we incrementally compute the trajectory
corresponding to each of the nodes that represents a subtree of the hierarchy, while the smoothness and collisionfree constraints are taken into account in the cost function.
In order to satisfy the joint constraints, the trajectories for all
the components planned during the prior state are treated as
constraints in the optimization formulation for the planning
of the subsequent components. We highlight the performance
of this model on robots with 20-40 DOFs, where we observe
1.6X to 14X speedups over prior methods.
The rest of the paper is organized as follows. In Section II,
we survey related work in motion planning. We give an
overview of optimization-based planning and our hierarchical
representation in Section III. We present our algorithm for
high-DOF robots in Section IV and highlight its performance
in both static and dynamic environments in Section V.
II. R ELATED W ORK
In this section, we give a brief overview of prior work on
optimization-based motion planning and hierarchical motion
planning.
A. Optimization-based Motion Planning
One of the widely used methods for path optimization is
the ‘shortcut’ heuristic. Typically used as a postprocessing
step, it selects adjacent pairs of configurations along a
collision-free path and uses a local planner to compute a
smoother path between those configurations [8], [9]. Another
approach uses Voronoi diagrams to compute collision-free
paths [10], and many techniques have been proposed based

on numerical optimization. [11] pioneered the use of potential field for real-time obstacle avoidance [12], [13] and extended these approaches by modeling the trajectory as elastic
bands or elastic strips and using gradient-based methods to
compute minimum-energy paths. All these methods require a
collision-free path as an initial trajectory approximation for
the optimization algorithm. Some recent approaches, such
as [3], [4], [14] and [5], directly encode the collision-free
constraints and use a numerical solver to compute a trajectory
that satisfies all the constraints. Some of these techniques
explicitly compute the gradient [3], [14] while others do
not [4], [5].
B. Hierarchical Motion Planning
The hierarchical mechanism decomposes a higherdimensional planning problem into several lowerdimensional planning problems. This is based on the
divide-and-conquer paradigm and can substantially
reduce the complexity of the planning problem [15].
The incompleteness of the resulting planning algorithms
can be improved by greedy techniques based on backtracing [16]. The hierarchical mechanism has been used
to improve the performance for articulated robots [15]
or for multi-robot systems [17]. Different coordination
schemes [18] and [19] have been proposed to guarantee that
decomposed components have consistent motions. Simple
decomposition into the lower- and upper-body has been
used to plan the motion for human-like robots [20]; a
more detailed decomposition is used to accelerate wholebody planning for high-DOF robots using sampling-based
planners [21], [22]. Recently, hierarchical mechanisms have
also been used to accelerate Markov Decision Process [23]
and task planning [24], [25].
III. OVERVIEW
Our hierarchical planner is developed from the
optimization-based planner ITOMP. In this section we
first briefly describe the ITOMP algorithm and then give an
overview of our hierarchical decomposition scheme.
A. ITOMP: Optimization-based Planning
ITOMP [5] is a replanning algorithm that uses optimization techniques to compute a collision-free path. In order to
handle dynamic obstacles and perform real-time planning,
ITOMP uses a replanning scheme. First, the trajectory of the
moving obstacles is estimated over a short time horizon using
simple estimation techniques. Next, a conservative bound on
the position of the moving obstacles is computed over a local
time interval. Finally, a trajectory that connects the initial and
goal configurations of the robot is calculated by solving an
optimization problem that avoids collisions with the obstacles
while satisfying smoothness and torque constraints. As previous methods [3], [4] do, ITOMP assumes that the solution
trajectory is discretized into N waypoints equally spaced
in time. Each waypoint is denoted as a configuration qi ,
i = 1, ..., N . The overall optimization problem is formalized
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Fig. 1: An example of hierarchical decomposition for various robots. These
hierarchical decompositions are used to divide a high-dimensional problem
into a sequence of low-dimensional problems.

as follows:
min

q1 ,...,qN

N
X
k=1

1
(cs (qk ) + cd (qk ) + co (qk )) + kAQk2 , (1)
2

where the three cost terms cs (·), cd (·), and co (·) represent
the static obstacle cost, the dynamic obstacle cost, and the
problem-specific additional constraints, respectively. kAQk2
represents the smoothness cost, which is computed by the
sum of squared accelerations along the trajectory using the
same matrix A proposed by [3] and Q = [qT1 , ..., qTN ]T . The
solution to the optimization problem in (1) corresponds to a
local or global optimal trajectory of the robot.
B. Assumptions and Notations
A configuration of a robot q is determined by all the
actuated joints of the robot, as well as the position and
orientation of the robot in the coordinate frame. The highDOF robot is hierarchically decomposed into n different
components {A1 , A2 , ..., An }. Accordingly, the configuration q can also be represented as the concatenation of
the configuration qi for each body component: i.e., q =
[(q1 )T , (q2 )T , ..., (qn )T ], where qi corresponds to the configuration of Ai . Moreover, qi is determined by all Ai ’s
actuated joints, including the joint through which Ai is
connected to its parent component. For the root component
A1 , additional unactuated DOFs can be added to the system
to specify the position and orientation of the coordinate
frame associated with the system. We denote the trajectory for a robot as M (t), which is a discretized trajectory composed of N waypoints in the configuration space:
M (t) = {q1 , ..., qN }. The trajectory for each component Ai
is represented as M i (t), which also contains N waypoints,
i.e., M i (t) = {qi1 , ..., qiN }. We use q̄ik to denote the k-th
waypoint corresponding to component Ai and all its previous components, i.e., q̄ik = [(q1k )T , ..., (qki−1 )T , (qik )T ]T .
Similarly, M̄ i (t) corresponds to the trajectory of q̄i .
C. Hierarchial Optimization-based Planning
Fig. 1 shows a natural decomposition scheme for different
robots that is based on the robots’ functional components.
The high-DOF system is divided into several parts: a lower
body (including legs and pelvis for human-like model, or a
3-DOF base for the PR2 robot), a torso, a head, a left arm
and a right arm. The components are ordered according to

the hierarchy, taking into account the physical volume of
each component.
We can incrementally plan the trajectory of a high-DOF
robot based on this decomposition. First, we compute a
trajectory M 1 (t) for the root component A1 . Then we fix
the trajectory for A1 and compute a trajectory for its child
component A2 by considering A1 as a moving obstacle in
the optimization formulation for A2 . However, there may
be no feasible trajectory for A2 because A1 blocks it as
an obstacle. In such cases, we first slightly modify the
trajectory of A1 based on workspace heuristics and search
whether it is possible to compute a collision-free trajectory
for A2 . If such local trajectory refinement does not result
in a feasible solution, we perform back-tracing; we merge
A1 and A2 into a larger component A1,2 and then try to
compute a collision-free path for this larger component using
optimization-based planning. After the trajectory for A2 is
computed, we extend the approach in an incremental manner
to compute a collision-free path for A3 , now treating A1
and A2 as moving obstacles. This process is repeated for
all n components, and a trajectory for the overall robot is
computed.
For ITOMP, the hierarchical planning is implemented by
decomposing (1) into n optimization problems, one for each
component Aj :
min j
j

q1 ,...,qN

N
X

1
(cs (q̄jk ) + cd (q̄jk ) + co (q̄jk )) + kĀj Q̄j k2 , (2)
2

k=1

where we compute the optimal waypoints qjk for components
Aj while fixing the waypoints qik for all the previous
components A1≤i≤j−1 . Āj is the smoothness matrix; it is
similar to A in Equation (1), but it is resized to the length
of q̄ik . Q̄j is defined as Q̄j = [(q̄j1 )T , ..., (q̄jN )T ]T .
IV. A LGORITHM
In this section, we present our hierarchical optimizationbased planning algorithm. We first explain how the hierarchical decomposition is integrated into the replanning framework. Next we present our trajectory optimization and local
refinement methods, which use the incremental coordination
algorithm. A detailed theoretical analysis of our planning
algorithm can be found in [26].
A. Replanning with Multi-stage Planning
Our algorithm traverses the entire hierarchy of the robot
{A1 , A2 , ..., An } sequentially in a breadth-first order using
n planning stages. Stage i computes the trajectory for Ai
and improves the trajectories of {A1 , ..., Ai−1 }, which were
computed in prior stages.
The overall planning algorithm is shown in Fig. 2.
During planning stage i, the planning algorithm computes
i−1
1
2
{Mi−1
(t), Mi−1
(t), ...Mi−1
(t)}, which correspond to the
1
2
trajectories for {A , A , ..., Ai−1 } computed during the previous stage i − 1. We use Mji (t) to denote the improved
trajectory, M i (t), after stage j. According to our notation, we
denote {Mj1 (t), Mj2 (t), ...Mji (t)} as M̄ji (t). With the input
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Fig. 2: The multi-stage planning of a hierarchical model. The robot is
represented using a hierarchy of components {A1 , A2 , ..., An } as shown
in Fig. 1. In stage 1, the algorithm computes trajectory M11 for component
A1 . In the next stage, the algorithm improves the trajectory M11 into M21
while computing M22 for A2 . After n stages, the planner computes the
trajectory for the entire component, {Mn1 , Mn2 , ..., Mnn }.
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Fig. 3: Incremental trajectory planning. The robot model consists of {A1 (3
DOFs), A2 (1 DOF)}. (a) During stage 1, the algorithm computes trajectory
M11 (t) for A1 while avoiding collisions between A1 and the obstacle
shown in the black region. (b) During stage 2 of the planning algorithm,
the trajectory M22 (t) for A2 is computed while A1 is assumed to move
along the trajectory M11 (t).

i−1
M̄i−1
(t), planning stage i computes M̄ii (t). The algorithm
searches the configuration space of Ai to compute the trajectory using numeric optimization. During the computation
of Mii (t), the algorithm may perform local refinement of
i−1
M̄i−1
(t) to compute M̄ii−1 (t).

B. Trajectory Optimization using Constrained Coordination
In order to perform optimization, the problem is formalized using (1). Similarly to the previous work [3], [4], [5], we
model the cost of static obstacles using a signed Euclidean
Distance Transform (EDT) and model the cost of dynamic
obstacles using geometric collision checking.
We use the incremental coordination approach [17], [21]
in our planning algorithm. This approach computes the
trajectory for a new component while using prior trajectories
as constraints. During each planning stage, the algorithm
computes the trajectory for a subset of the robot components
in order to compute the whole-body motion trajectory incrementally. In Fig. 3, the 2D robot has two components, A1
and A2 . Each component has only one link. A1 has 3 DOFs
corresponding to the position and orientation of the robot
in 2D space. A2 has 1 DOF corresponding to the angle that
connects A1 and A2 . Therefore, the configuration vectors q1k
and q2k have dimensions 3 and 1, respectively. The trajectory
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(a) There is no collision-free configuration q2k for A2 at time k if
A1 moves along M11 (t).

(b) With local refinement, the
planner finds feasible solutions
M21 (t) and M21 (t).

Fig. 4: Planning with local refinement. By adjusting the configuration of the
joint j 1 connecting A1 and A2 , we can move A1 away from the obstacle
and leave more space for A2 to pass through. As a result, the planner can
compute a collision-free solution {M21 (t), M22 (t)}.

M (t) is a sequence of N configurations at discretized time
steps. During planning stage 1, the algorithm computes the
trajectory M11 for A1 , which connects the start configuration
q1s of A1 with its goal configuration q1g . During planning
stage 2, the trajectory M22 (t) for A2 is computed, while A1
is assumed to move along the trajectory M11 (t).
During a planning stage, our algorithm computes a
minimum-cost trajectory using (2). With this equation, the
planning stage j can compute a trajectory Mjj (t) for Aj
which is smooth and does not collide with obstacles. The
cost term 12 kĀj Q̄j k2 computes the smoothness cost. For the
collision cost cs (q̄jk ) and cd (q̄jk ), the poses of all the links
in Aj are evaluated based on forward kinematics according
to q̄jk .
C. Local Refinement in Trajectory Optimization
In this section we present the local refinement scheme
used as part of trajectory optimization. It improves the
trajectories of the robot components which were computed
during the previous stages. In our incremental planning
algorithm, the trajectory of a robot component is computed
using an optimization formulation such that the trajectories
of prior components are constrained to lie on the paths
computed during previous stages. However, the optimizationbased planner may fail to find a solution that satisfies all
the constraints. Fig. 4a shows such an example for a simple
2D robot which consists of two components A1 and A2 .
The trajectory M11 (t) for A1 , which is computed during
planning stage 1, is collision-free. However, when computing
a solution for A2 , A1 is constrained to move along M11 (t).
This may result in no feasible solution for A2 which avoids
collisions with the environment. The back-tracing approach,
which replans the trajectory with merged component A1,2 ,
can find a solution in such case, but it is expensive for
higher-dimensional problems. As shown in Fig. 4b, we refine
the trajectory M11 (t) by adjusting the configuration of the
joint connecting A1 and A2 , then move A1 away from the
obstacles by a displacement r.
V. R ESULTS
In this section, we highlight the performance of our
hierarchical planning algorithm in static and dynamic environments. We have implemented our algorithm in a simulator

(a) The planned trajectory for PR2 robot in a static scene.

(b) The planned trajectory for a human-like model.
Fig. 5: Hierarchical planning of robots in a static environment. The planned
trajectory for different components is marked using different colors.

with both a human-like robot model and Willow Garage’s
PR2 robot model. We decompose each model into five
components each (shown in Fig. 1). For the PR2 robot, we
compute the trajectory for all the 20 DOFs, which are shown
in Fig. 1c. The human-like model has 34 DOFs, which are
shown in Fig. 1a. In practice, human-like robots move from
their base position using walking, which can be efficiently
computed using motion generators [27], [28] rather than pure
motion planning algorithms. Therefore, we compute the 3
DOFs trajectory of the lower body component A1 using
our motion planning algorithm; after that we use the motion
generator to generate the walking motion, which follows the
computed 3 DOFs trajectory of A1 . This reduces the DOFs
for motion planning computations from 34 to 23.
We highlight all the results of motion planning in different
environments in Table I. We compute the motions of PR2 and
the human-like robot in two static environments and another
environment with dynamic obstacles. We compute the motion
trajectory using our hierarchical planning algorithm, and
compare its performance with the motion trajectory computed using ITOMP. We measure the number of iterations in
the optimization routines and the planning time to find the
first collision-free solution. We also evaluate the quality of
the computed trajectory by evaluating the cost functions and
success rate of the optimization-based planner. The results
are shown in Table I and correspond to the averages and
standard deviations of 100 trials for each scenario. In most
cases, hierarchical planning outperforms ITOMP.
Fig. 5 shows our first benchmark in a static environment.
The environment has several static obstacles, which prevent

ITOMP
Planning
Time(s)
Mean (Std. Dev.)

Iterations

Human
-like
Robot

PR2

Static
Environment 1
Static
Environment 2
Dynamic
Environment
Static
Environment 1
Static
Environment 2
Dynamic
Environment

Cost

Success
Rate

Iterations

Hierarchical Planning
Planning
Cost
Time(s)
Mean (Std. Dev.)

Success
Rate

418.25 (344.90)

20.93 (16.24)

0.032 (0.011)

1.00

84.74 (18.00)

2.81 (0.50)

0.036 (0.000)

1.00

461.26 (539.66)

30.78 (35.63)

0.017 (0.000)

1.00

54.02 (15.62)

2.21 (0.53)

0.025 (0.000)

1.00

13.99 (2.30)

1.71 (0.17)

0.058 (0.000)

0.89

18.89 (3.35)

1.33 (0.12)

0.101 (0.000)

0.95

102.06 (33.11)

8.20 (2.35)

0.033 (0.000)

1.00

90.75 (22.53)

5.11 (1.09)

0.032 (0.000)

1.00

167.26 (239.65)

16.00 (22.42)

0.033 (0.000)

1.00

104.13 (73.08)

6.09 (4.11)

0.032 (0.000)

1.00

8.81 (3.90)

1.54 (0.42)

0.051 (0.000)

0.96

16.51 (12.12)

1.66 (0.66)

0.051 (0.004)

0.99

TABLE I: The performance of the hierarchical planning algorithm is compared to the ITOMP algorithm. We compute collision-free trajectories in static
and dynamic environments. We measure the number of iterations in numerical optimization, planning time to find the first collision-free solution, trajectory
cost, and the success rate of our planner. In the static scenes hierarchical planning results in up to 14X speedup over ITOMP algorithm. The trajectory
costs for both algorithms are small (less than 0.1), which means the quality of the solution with the hierarchical planner is close to the trajectory computed
by ITOMP.
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Robot

Stage
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A1 (3 DOFs)
A2 (1 DOFs)
A3 (2 DOFs)
A4 (7 DOFs)
A5 (7 DOFs)
Overall Planning
A1 (3 DOFs)
A2 (3 DOFs)
A3 (3 DOFs)
A4 (7 DOFs)
A5 (7 DOFs)
Overall Planning

63.28
1.00
1.00
9.26
36.17
90.75
7.33
15.18
24.10
18.81
19.32
84.74

Planning
Time
3.13
0.12
0.12
0.60
1.96
5.11
0.25
0.53
0.65
0.69
0.69
2.81

Cost
0.019
0.000
0.000
0.008
0.005
0.032
0.009
0.009
0.000
0.012
0.005
0.036

Back
-tracing
0/100
0/100
0/100
0/100
1/100
1/100
0/100
0/100
0/100
0/100
0/100
0/100

(a) Due to the human-like obstacle, the robot cannot compute a collision-free
path to the goal.

TABLE II: The planning results obtained from a static environment. We
show the number of iterations, planning time to find the first collision-free
solution, trajectory costs, and the number of back-tracings of each stage of
our hierarchical planning algorithm.

the initial trajectory from being collision-free. Using hierarchical planning, we incrementally compute the trajectory
of the robot from components A1 to A5 . In Table II, we
show the timings and the trajectory costs of each stage of
the hierarchical planning. PR2’s base has a large physical
volume, which makes it hard to find a collision-free solution
for this environment. As a result, most of the planning time
in this scenario is spent in the stage corresponding to A1 .
The computed trajectories of A1 have no collisions with A2
and A3 and therefore require only a single iteration of the
optimization algorithm for all trials. In the two other stages,
which compute trajectories for the arm components, A3 and
A4 , the planner run tens of iterations to compute an improved
trajectory to ensure that A3 and A4 have no collisions. In the
decomposition of the human-like model, each of the stages
takes similar time and none of them dominates the overall
computation. This demonstrates that the decomposition used
for this model divides the high-DOF planning problem into
almost equal-sized low-dimensional sub-problems, which
results in an overall performance improvement as compared
to high-DOF planning. We observe that the speedup due
to hierarchical planning is about 7X for the human-like

(b) The robot takes a long way around to avoid potential collision with the
human-like obstacle.
Fig. 6: Planning in a dynamic environment. We use a human-like obstacle
which follows a path generated from motion-capture data.

model and about 1.6X for the PR2 model. In both cases,
the trajectory cost corresponding to the optimization function
with our hierarchical algorithm is close to the trajectory
cost calculated by ITOMP. This implies that the trajectories
computed by both these algorithms are quite close. Our
second benchmark has a more challenging environment. In
this environment, the hierarchical planning observes 14X
speedup for the human-like model, and 2.6X for the PR2
model.
We also evaluated the performance of our algorithm in
a dynamic scene (Fig. 6). We use a human-like obstacle

which follows a path from motion-captured data. The path
of the obstacles is designed to interrupt the path of the robot
during execution. We set the replanning time step interval
as 3 second; the planner fails if it cannot find a collisionfree trajectory within that time interval. In such dynamic
scenes, the planner tends to improve trajectory computation
during a given time step, but not for the overall duration.
As a result, it is more important to measure the success rate
of each planner instead of the overall planning time or the
number of iterations. With the same replanning time step
interval, our hierarchical planner has a higher success rate in
dynamic environments than ITOMP.
VI. C ONCLUSIONS AND F UTURE W ORK
We present an optimization-based motion planning algorithm for high DOF robots. Our algorithm decomposes the
high-dimensional motion planning problem into a sequence
of low-dimensional sub-problems and computes the solution
for each sub-problem in an incremental manner. We use constrained coordination and local refinement to incrementally
compute the motion. We highlight the performance on 20
DOF PR-2 robot and a human-like robot with 34 DOFs,
along with use of walking generator. In static environments,
our algorithm observes up to 14X speedup while still generating smooth trajectories. In dynamic environments, we
show that the algorithm can increase the success rate of the
planning.
There are many avenues for future work. It would be
interesting to extend our approach to compute whole-body
trajectory computation for high DOF human-like models. We
would also like to evaluate its performance in more dynamic
environments and ensure that the resulting motion of humanlike robots is dynamically stable.
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